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Question 2; What are the most fascinating aspects behind the mathematics 

of music? 

When thinking of the applications of mathematics, music is often overlooked, however 
music and maths are in-fact very closely linked. In this essay, I am going to explore how 
group theory plays a role in music theory and discuss Neo-Riemannian operations, and 
how they apply to music.


Representing the chromatic scale as a group 

I want to start by discussing how even the most basic principles of group theory can be 
observed in music, more specifically in the chromatic scale. Group theory is the 
mathematical study of algebraic structures and interestingly, the chromatic scale can be 
represented as a group. If we take the 12 notes to be, C, C#, D, D#, E, F, F#, G, G#, A, A#, 
B, we can assign them with the numbers 0-11[1]:




We can represent the set S under addition mod12, ( S, +12), in a Cayley table:


	 	 	 	 	 	 	  

The set S satisfies the group axioms under +12 and is hence a group which we will call H:


Inverses: ∀ x ∈ H, ∃ x-1  such that x・x-1  = e = x-1 ・ x


C C# D D# E F F# G G# A A# B

0 1 2 3 4 5 6 7 8 9 10 11

Element 
	

1 2 3 4 5 6 7 8 9 10 11

Inverse 11 10 9 8 7 6 5 4 3 2 1

- Take this to be the set T
- Take this to be the set S



Identity: e,x ∈ H, such that x・e = x = e・x. For H, e = 0

Associativity: it is true for H that ∀ x,y,z ∈ H, (x・y)・z = x・(y・z)

Closure; ∀x,y ∈ H, x・y ∈ H. This is true for H, since only elements of the group H appear 
in the Cayley table.


H is also a cyclic group, meaning it has at least one single generator, these being 
1,5,7,11. Additionally, it has the group structure of the cyclic group of order 12, C12.


If we are to create a Cayley table of the chromatic scale, we must simply swap the  
numbers in the table with their equivalent notes:


This is an isomorphism of the previous group H. We can call this group P, where P = (T,
+12). Since P is isomorphic to H, it means that the elements of the chromatic scale form 
the cyclic group of order 12, C12. This further implies that G is the generator of the group 
where the elements are generated in a specific order; G, D, A, E, B, F#, C#, G#, D#, A#, F, 
C, which is fascinating because this is the same order as found in the circle of fifths, a 
geometrical representation of the 12 notes of the chromatic scale frequently used by 
musicians to find notes in a key and to create basic chords:


	 	 	 	 [7]




This happens because the interval of C (0) to G (7) is a perfect fifth and the circle of fifths 
is, essentially, perfect fifth intervals added onto the previous note which is what we are 
doing when finding |G|, by adding G to the previously found note. F is also a generator of 
the group and the interval of C (0) to F (5) is a perfect fourth, therefore, using the same 
principle as with the generator G, the elements are generated in the order; F, A#, D#, G#, 
C#, F#, B, E, A, D, C. This is the circle of fifths in reverse, also known as the circle of 
fourths, where perfect fourth intervals are added onto the previous note.


Neo-Riemannian Theory 

Another group in music which is perhaps more interesting and has more uses is the Tn/TnI 
group, where it has the group structure of the dihedral group of order 24, D12. Tn 
transposes a triad by n mod12 and TnI is an inversion of a triad about C and transposes it 
by n mod12.[2] This can be represented as TnI(x) = -x + n mod12. However, some of these 
operations are almost impossible to distinguish by ear, like the mapping of a triad to its 
parallel minor or major eg. T7I(C major) sounds the same as T11I(D major), but use two 
different permutations[3]. In light of this problem, Hugo Riemann had the idea of triadic 
transformations, which were further developed to create Neo-Riemannian Theory (NRT).


Neo-Riemannian operations are transformations that act on consonant triads[4] where 
major triads have the semitonic intervals (0,4,3) and minor triads have the semitonic 
intervals (0,3,4). The operations are Uniform Triadic Transformations and include Parallel 
(P), Leading tone exchange (L), and the Relative operation (R). 


Note that to represent triads, I will use square brackets and the numbers previously 
assigned to the notes of the chromatic scale. eg. [0, 4, 7] is the C major triad [C, E, G].


P swaps the first and third notes of the triad. Musically, this maps the triad to its parallel 
minor or major

         
L swaps the second and third notes 


R swaps the first and second notes so the triad is mapped to its relative major or minor[3]


These operations all maintain two notes in each triad, which allows the transformations to 
sound musical, and because there are only a few operations and they all perform specific 
actions on the triads, they are easier to distinguish between and hear than the TnI 
operations. The PLR functions also create a group with the structure D12, therefore it is an 
isomorphism of the Tn/TnI group. 


eg. P(D major) where D major = [2, 6, 9]. We swap the first and third numbers to obtain 

[9, X, 2] where X is an unknown. Our knowledge of the P function allows us to realise that 
D major must be mapped to D minor. D minor = [9, 5, 2] so X = 5.




From this, we can see that the intervals of the triad were 4,3 and are now -4,-3[1] since the 
operations are formed partly by inversions. This gives us another method to find X and is 
true for all three of the PLR transformations. 


eg. L(G major) where G major = [7, 11, 2]. We swap the second and third notes to obtain

 [X, 2, 11] and we can now find X because the intervals were 4, 3 so will now be -4,-3. 
This means that X = 6 so we get L(G major) = [6, 2, 11] = B minor


A perhaps simpler way to represent and navigate these transformations is by using the 
“chickenwire” Tonnetz, which is a geometrical representation of the PLR transformations 
and is useful when applying successive transformations to a triad. It consists of 
hexagonal structures containing triad names and lines which represent the PLR 
transformations, as shown in the diagram:


	 	 [8]


eg. For Sam Smith’s Too Good at Goodbyes, the chord progression is A minor, C major, G 
major, D minor[9], and it is repeated throughout the song. To find the transformations 
between these chords I have used the Tonnetz to discover that they are as follows:



A minor C major G major D minor 


We can now see how this Tonnetz is helpful when trying to find the transformations 
between two notes, taking the shortest path to get there.


A property of the PLR group is that from each triad we can obtain all 24 triads if 
compound transformations are applied to them, indeed from applications of only L and 
R[6]. This is because L and R are generators of the entire PLR group. So if we were to 
continually apply L and R to the C Major triad, we will eventually have generated all of the 
consonant triads.


It is difficult to think of situations where NRT could be applied to compose music since it 
is more commonly used to “explain” music rather than to create it. However, it can be 

R L, R P, R, L



used to generate chord progressions that sound “pleasing”, seeing that the chords will all 
be somewhat related. The transformations are also often found in, or even used to aid in 
the writing of film scores. This is largely due to the aesthetics and good voice-leading that 
the operations can provide[6]. This essentially means that the chord progressions sound 
logical and “smooth”. As well as this, NRT makes it easier to find chords that are 
otherwise less obviously related. For example, the chord progression in Hans Zimmer’s 
Dream is Collapsing from the Inception score is very unpredictable and uses chords in 
ways that we wouldn’t expect. This helps to create a dramatic effect, which is the intent 
of the score. The most prominent progression within the tune is G minor, F# major, D# 
major, B major[10], for which I have used the Tonnetz to find the transformations between 
the chords:



G minor F# major D# major B major


From this, it is obvious that the chords are in fact very closely related, using only 2 or 3 of 
the PLR operations to link them together, explaining why the tune sounds harmonious, 
even though we would not expect to find these chords used together. 


Additionally, a more advanced use of NRT is developments into the creation of n-note 
tonal systems where it has determined the criteria that these systems must meet to be 
useful alternatives to the 12 note chromatic scale that we are familiar with.[5]


Conclusion  

It is fascinating how mathematics can be directly related to music in so many ways, such 
as through the development of Neo-Riemannian Theory, where group theory has been 
used to relate harmonies and chords. However, most musical concepts have not been 
discovered by mathematics, but it has certainly helped to explain them and further 
develop on them. Using group theory to create the circle of fifths is a great example of 
this, where even though the musical concepts of it had already been established, group 
theory has managed to provide us with a better understanding of why all the notes of the 
chromatic scale appear within it in a specific order. 


Prior to exploring these musical concepts through mathematics, I had simply taken them 
as fact without questioning why music behaves as it does. Now after having written this 
essay and applied the mathematics, I have deepened my understanding of music, which I 
find fascinating and surprising, especially since I have more knowledge in music than in 
the areas of mathematics that I have discussed. This essay also emphasises the 
importance of mathematics in the understanding of music and shows just how closely 
linked mathematics and music really are.


R, P, L R, P P, L
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